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Keep in mind there are fwo PDFs available (of which this is the latter):
1. a PDF of examinable material used as lecture slides, and
2. a PDF of non-examinable, extra material:

> the associated notes page may be pre-populated with extra, written explaination of
material covered in lecture(s), plus

> anything with a “grey’ed out” header/footer represents extra material which is
useful and/or interesting but out of scope (and hence not covered).
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COMS10015 lecture: week #10

Notes:

¢ Keep in mind item #54 of Perlis’ Epigrams on Programming [9]: “[bleware of the Turing tar-pit in which everything is possible but nothing of
interest is easy”.

> Agenda: Register Machines (RMs), i.e,,

1. introduce associated computational model that is “closely related to what happens in [practical]
modern digital computers” [7, Page 199], then
2. demonstrate how we implement said model in hardware,

noting that
+ve : theoretically attractive: can be proved equivalent to a Turing machine
+ve : practically attractive: has clear analogies with, e.g., FSMs
—ve : some aspects (e.g., infinite sized registers) cannot be realised in practice
—ve : can be very inefficient
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Part 1: in theory (1)

Notes:

Definition

An instruction is a description of a computational step.

Definition

A Register Machine (RM) is specified by

> a finite number of registers, each of which can store an (infinite) natural number; R; € N denotes the i-th such register
for0 <i<r, and

> a program, consisting of a finite list of instructions of the form
label : body

such that the i-th instruction has label L;.

Definition

An RM configuration is a tuple
C=(,v0,01,...,0r-1)

where
> [1is the current label, and

> vj is the current value stored in register R;.
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Part 1: in theory (2)

Definition

A (finite or infinite) computation by some RM is captured by
(Co,C1, G, )

i.e., a sequence of configurations such that

> fori=0,
Ci =(0,v,01,...,0-1)

is the initial configuration where v; is the initial value stored in register R;,

> fori> 0, C; results from applying the instruction at label L; to

Cie1 = (Lo, v1,...,0-1).

Definition

A finite computation by some RM is captured by
(Co,C1, G- .., Cy1)

such that in the halting configuration
Ci-1 =, v0,01,...,0-1)
the instruction labelled L; either

> explicitly, or intentionally forces computation to halt, i.e., is a halt instruction, or

> implicitly, or unintentionally forces computation to halt, e.g., causes an error condition.
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Part 1: in theory (3)

> Example: roughly per [7, Chapter 11], consider a case where

1. r =4, 1i.e, it has 4 registers,

2. eachR; € {0,1,...,2* =1 =15}, i.e, the registers store (finite) 4-bit values,

3. the set of available (abstract) instruction templates is

L; : Ragdr < Radar + 1 then goto Liy
L; : Ragdr < Radar — 1 then goto Liy
L; : if Rygqr = O then goto Lyt else goto Lj1q
L; : halt

Notes:
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Part 1: in theory (4)

. Notes:
> Example: now, given

1. aprogram comprised of (concrete) instruction instances e.g.,

Lo : if Ry = 0 then goto L5 else goto L;
L; : Ry « Ry — 1 then goto L,

Ly : R3 « R3 + 1 then goto L3

L3 : Ry « Ry + 1 then goto L4

L4 : if Rg = 0 then goto L else goto L5
Ls : if Ry = 0 then goto Ly else goto Lg
L : R < Ry — 1 then goto Ly

L7 : Ry < Ry + 1 then goto Lg

Lg : if Ro = 0 then goto Ls else goto Loy
Lo : halt

2. aninitial configuration, e.g.,
Co=1(0,0,0,2,0)

we can produce a trace of computation.
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Part 1: in theory (4)

. Notes:
> Example: now, given

1. aprogram comprised of (concrete) instruction instances e.g.,

Lo : if Ry = 0 then goto L5 else goto L;
Li : Ry « Ry — 1 then goto L,

Ly : R3 « R3 + 1 then goto L3

L3 : Ry « R; + 1 then goto L4

L4 : if Ro = 0 then goto L else goto L5
Ls : if R; = 0 then goto L else goto L¢
Le : Ry < R — 1 then goto L7

L7 : Ry < Ry + 1 then goto Lg

Lg : if Rp = 0 then goto Ls else goto Lg
Lo : halt

2. aninitial configuration, e.g.,
Co=1(0,0,0,2,0)

we can produce a trace of computation:

C = (00,020
Lp ~ if Ry =0 then goto L5 else goto L
¢ = (1,0,0,2,0)




Part 1: in theory (4)

. Notes:
> Example: now, glven

1. a program comprised of (concrete) instruction instances e.g.,

Lo : if Ry = 0 then goto L5 else goto L;
Li : Ry « Ry — 1 then goto L,

Ly : R3 « R3 + 1 then goto L3

L3 : Ry « Ry + 1 then goto L4

L4 : if Ro = 0 then goto L else goto L5
Ls : if R; = 0 then goto L else goto L¢
Le : R; < Ry — 1 then goto Ly

L7 : Ry < Ry + 1 then goto Lg

Lg : if Rg = 0 then goto L5 else goto Lo
Lo : halt

2. aninitial configuration, e.g.,
CO = (0/ O/ 0/ 2/ 0)

we can produce a trace of computation:
¢ = (1,0,0,20)

Li ~ Ry« Ry—1thengotol;
CZ = (2, O/ 0/ 1/ 0)
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Part 1: in theory (4)

. Notes:
> Example: now, given

1. aprogram comprised of (concrete) instruction instances e.g.,

Lo : if Ry = 0 then goto L5 else goto L;
Li : Ry « Ry — 1 then goto L,

Ly : R3 « R3 + 1 then goto L3

L3 : Ry « R; + 1 then goto L4

L4 : if Ro = 0 then goto L else goto L5
Ls : if R; = 0 then goto L else goto L¢
Le : Ry < R — 1 then goto L7

L7 : Ry < Ry + 1 then goto Lg

Lg : if Rp = 0 then goto Ls else goto Lg
Lo : halt

2. aninitial configuration, e.g.,
Co=1(0,0,0,2,0)

we can produce a trace of computation:

G = (2,001,0)
L, ~ Rz« R3+1thengotol;
G = (3,0,0,1,1)




Part 1: in theory (4)

. Notes:
> Example: now, glven

1. a program comprised of (concrete) instruction instances e.g.,

Lo : if Ry = 0 then goto L5 else goto L;
Li : Ry « Ry — 1 then goto L,

Ly : R3 « R3 + 1 then goto L3

L3 : Ry « Ry + 1 then goto L4

L4 : if Ro = 0 then goto L else goto L5
Ls : if R; = 0 then goto L else goto L¢
Le : R; < Ry — 1 then goto Ly

L7 : Ry < Ry + 1 then goto Lg

Lg : if Rg = 0 then goto L5 else goto Lo
Lo : halt

2. aninitial configuration, e.g.,
CO = (0/ O/ 0/ 2/ 0)

we can produce a trace of computation:

G = (30011)
L3 ~ Rj;« Rj+1thengotoly
Cs = (40,1,11)
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Part 1: in theory (4)

. Notes:
> Example: now, given

1. aprogram comprised of (concrete) instruction instances e.g.,

Lo : if Ry = 0 then goto L5 else goto L;
Li : Ry « Ry — 1 then goto L,

Ly : R3 « R3 + 1 then goto L3

L3 : Ry « R; + 1 then goto L4

L4 : if Ro = 0 then goto L else goto L5
Ls : if R; = 0 then goto L else goto L¢
Le : Ry < R — 1 then goto L7

L7 : Ry < Ry + 1 then goto Lg

Lg : if Rp = 0 then goto Ls else goto Lg
Lo : halt

2. aninitial configuration, e.g.,
Co=1(0,0,0,2,0)

we can produce a trace of computation:

G = (401,11
Ly ~ if Rg =0 then goto Lg else goto L5
G = (0,0,1,11)




Part 1: in theory (4)

. Notes:
> Example: now, glven

1. a program comprised of (concrete) instruction instances e.g.,

Lo : if Ry = 0 then goto L5 else goto L;
Li : Ry « Ry — 1 then goto L,

Ly : R3 « R3 + 1 then goto L3

L3 : Ry « Ry + 1 then goto L4

L4 : if Ro = 0 then goto L else goto L5
Ls : if R; = 0 then goto L else goto L¢
Le : R; < Ry — 1 then goto Ly

L7 : Ry < Ry + 1 then goto Lg

Lg : if Rg = 0 then goto L5 else goto Lo
Lo : halt

2. aninitial configuration, e.g.,
CO = (0/ O/ 0/ 2/ 0)

we can produce a trace of computation:

G = (00111
Ly ~ if Ry =0 then goto L5 else goto L;
Cﬁ = (1r 0111 1/ 1)
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Part 1: in theory (4)

. Notes:
> Example: now, given

1. aprogram comprised of (concrete) instruction instances e.g.,

Lo : if Ry = 0 then goto L5 else goto L;
Li : Ry « Ry — 1 then goto L,

Ly : R3 « R3 + 1 then goto L3

L3 : Ry « R; + 1 then goto L4

L4 : if Ro = 0 then goto L else goto L5
Ls : if R; = 0 then goto L else goto L¢
Le : Ry < R — 1 then goto L7

L7 : Ry < Ry + 1 then goto Lg

Lg : if Rp = 0 then goto Ls else goto Lg
Lo : halt

2. aninitial configuration, e.g.,
Co=1(0,0,0,2,0)

we can produce a trace of computation:

C = (1,0,1,1,1)
Ly ~ Ry« Ry—1thengotol;
¢; = (2,0,1,0,1)




Part 1: in theory (4)

. Notes:
> Example: now, glven

1. a program comprised of (concrete) instruction instances e.g.,

Lo : if Ry = 0 then goto L5 else goto L;
Li : Ry « Ry — 1 then goto L,

Ly : R3 « R3 + 1 then goto L3

L3 : Ry « Ry + 1 then goto L4

L4 : if Ro = 0 then goto L else goto L5
Ls : if R; = 0 then goto L else goto L¢
Le : R; < Ry — 1 then goto Ly

L7 : Ry < Ry + 1 then goto Lg

Lg : if Rg = 0 then goto L5 else goto Lo
Lo : halt

2. aninitial configuration, e.g.,
CO = (0/ O/ 0/ 2/ 0)

we can produce a trace of computation:

C7 = (2/ 0/ 1/ 0/ 1)
L, ~ Rz« Rz +1thengotols
G = (30102
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Part 1: in theory (4)

. Notes:
> Example: now, given

1. aprogram comprised of (concrete) instruction instances e.g.,

Lo : if Ry = 0 then goto L5 else goto L;
Li : Ry « Ry — 1 then goto L,

Ly : R3 « R3 + 1 then goto L3

L3 : Ry « R; + 1 then goto L4

L4 : if Ro = 0 then goto L else goto L5
Ls : if R; = 0 then goto L else goto L¢
Le : Ry < R — 1 then goto L7

L7 : Ry < Ry + 1 then goto Lg

Lg : if Rp = 0 then goto Ls else goto Lg
Lo : halt

2. aninitial configuration, e.g.,
Co=1(0,0,0,2,0)

we can produce a trace of computation:

CS = (3/ O/ 1/ Ol 2)
L3 ~ Rj <« Rj+1thengotoly
Co = (40,202




Part 1: in theory (4)

> Example: now, given
1. a program comprised of (concrete) instruction instances e.g.,

Lo : if Ry = 0 then goto L5 else goto L;
Li : Ry « Ry — 1 then goto L,

Ly : R3 « R3 + 1 then goto L3

L3 : Ry « Ry + 1 then goto L4

L4 : if Ro = 0 then goto L else goto L5
Ls : if R; = 0 then goto L else goto L¢
Le : R; < Ry — 1 then goto Ly

L7 : Ry < Ry + 1 then goto Lg

Lg : if Rg = 0 then goto L5 else goto Lo
Lo : halt

2. aninitial configuration, e.g.,
CO = (0/ O/ 0/ 2/ 0)

we can produce a trace of computation:
C = (40,202

Ly ~ if Ry = 0then goto Lg else goto L5
C]O = (Or 0,2,0, 2)
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Part 1: in theory (4)

> Example: now, given
1. aprogram comprised of (concrete) instruction instances e.g.,

Lo : if Ry = 0 then goto L5 else goto L;
Li : Ry « Ry — 1 then goto L,

Ly : R3 « R3 + 1 then goto L3

L3 : Ry « R; + 1 then goto L4

L4 : if Ro = 0 then goto L else goto L5
Ls : if R; = 0 then goto L else goto L¢
Le : Ry < R — 1 then goto L7

L7 : Ry < Ry + 1 then goto Lg

Lg : if Rp = 0 then goto Ls else goto Lg
Lo : halt

2. aninitial configuration, e.g.,
Co=1(0,0,0,2,0)

we can produce a trace of computation:

Cwo = (0,0,2,0,2)
Lp ~ if Ry =0 then goto L5 else goto L
Cii = (50,202
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Part 1: in theory (4)

. Notes:
> Example: now, glven

1. a program comprised of (concrete) instruction instances e.g.,

Lo : if Ry = 0 then goto L5 else goto L;
Li : Ry « Ry — 1 then goto L,

Ly : R3 « R3 + 1 then goto L3

L3 : Ry « Ry + 1 then goto L4

L4 : if Ro = 0 then goto L else goto L5
Ls : if R; = 0 then goto L else goto L¢
Le : R; < Ry — 1 then goto Ly

L7 : Ry < Ry + 1 then goto Lg

Lg : if Rg = 0 then goto L5 else goto Lo
Lo : halt

2. aninitial configuration, e.g.,
CO = (0/ O/ 0/ 2/ 0)

we can produce a trace of computation:
Cn = (50,202

Ls ~» if Ry =0 then goto Ly else goto Lg
C]Z = (6r 0,2,0, 2)
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Part 1: in theory (4)

. Notes:
> Example: now, given

1. aprogram comprised of (concrete) instruction instances e.g.,

Lo : if Ry = 0 then goto L5 else goto L;
Li : Ry « Ry — 1 then goto L,

Ly : R3 « R3 + 1 then goto L3

L3 : Ry « R; + 1 then goto L4

L4 : if Ro = 0 then goto L else goto L5
Ls : if R; = 0 then goto L else goto L¢
Le : Ry < R — 1 then goto L7

L7 : Ry < Ry + 1 then goto Lg

Lg : if Rp = 0 then goto Ls else goto Lg
Lo : halt

2. aninitial configuration, e.g.,
Co=1(0,0,0,2,0)

we can produce a trace of computation:

Cz = (6,0,2,0,2)
Lg ~ Rj < Rj—1thengotoly
Cs3 = (7,0,1,0,2)




Part 1: in theory (4)

. Notes:
> Example: now, glven

1. a program comprised of (concrete) instruction instances e.g.,

Lo : if Ry = 0 then goto L5 else goto L;
Li : Ry « Ry — 1 then goto L,

Ly : R3 « R3 + 1 then goto L3

L3 : Ry « Ry + 1 then goto L4

L4 : if Ro = 0 then goto L else goto L5
Ls : if R; = 0 then goto L else goto L¢
Le : R; < Ry — 1 then goto Ly

L7 : Ry < Ry + 1 then goto Lg

Lg : if Rg = 0 then goto L5 else goto Lo
Lo : halt

2. aninitial configuration, e.g.,
CO = (0/ O/ 0/ 2/ 0)

we can produce a trace of computation:
Cs = (7,0,1,1,2)

Ly ~ Ry« Ry +1then gotoLg
C]4 = (8r O/ 1/ 1/ 2)

© Daniel Page ( University of

ke y
Computer Architecture ME] BRISTOL git # b282dbb9 @ 2025-09-03

Part 1: in theory (4)

. Notes:
> Example: now, given

1. aprogram comprised of (concrete) instruction instances e.g.,

Lo : if Ry = 0 then goto L5 else goto L;
Li : Ry « Ry — 1 then goto L,

Ly : R3 « R3 + 1 then goto L3

L3 : Ry « R; + 1 then goto L4

L4 : if Ro = 0 then goto L else goto L5
Ls : if R; = 0 then goto L else goto L¢
Le : Ry < R — 1 then goto L7

L7 : Ry < Ry + 1 then goto Lg

Lg : if Rp = 0 then goto Ls else goto Lg
Lo : halt

2. aninitial configuration, e.g.,
Co=1(0,0,0,2,0)

we can produce a trace of computation:

Cu = (8,0,1,1,2)
L ~ if Ry =0 then goto L5 else goto Lo
Cis = (501,1,2)




Part 1: in theory (4)

. Notes:
> Example: now, glven

1. a program comprised of (concrete) instruction instances e.g.,

Lo : if Ry = 0 then goto L5 else goto L;
Li : Ry « Ry — 1 then goto L,

Ly : R3 « R3 + 1 then goto L3

L3 : Ry « Ry + 1 then goto L4

L4 : if Ro = 0 then goto L else goto L5
Ls : if R; = 0 then goto L else goto L¢
Le : R; < Ry — 1 then goto Ly

L7 : Ry < Ry + 1 then goto Lg

Lg : if Rg = 0 then goto L5 else goto Lo
Lo : halt

2. aninitial configuration, e.g.,
CO = (0/ O/ 0/ 2/ 0)

we can produce a trace of computation:
Cs = (501,1,2)

Ls ~» if Ry =0 then goto Ly else goto Lg
C]6 = (6r 0,11, 2)
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Part 1: in theory (4)

. Notes:
> Example: now, given

1. aprogram comprised of (concrete) instruction instances e.g.,

Lo : if Ry = 0 then goto L5 else goto L;
Li : Ry « Ry — 1 then goto L,

Ly : R3 « R3 + 1 then goto L3

L3 : Ry « R; + 1 then goto L4

L4 : if Ro = 0 then goto L else goto L5
Ls : if R; = 0 then goto L else goto L¢
Le : Ry < R — 1 then goto L7

L7 : Ry < Ry + 1 then goto Lg

Lg : if Rp = 0 then goto Ls else goto Lg
Lo : halt

2. aninitial configuration, e.g.,
Co=1(0,0,0,2,0)

we can produce a trace of computation:

Cie = (6,0,1,1,2)
Lg ~ Rj < Rj—1thengotoly
Cl7 = (7/ Or 01 1/ 2)




Part 1: in theory (4)

. Notes:
> Example: now, glven

1. a program comprised of (concrete) instruction instances e.g.,

Lo : if Ry = 0 then goto L5 else goto L;
Li : Ry « Ry — 1 then goto L,

Ly : R3 « R3 + 1 then goto L3

L3 : Ry « Ry + 1 then goto L4

L4 : if Ro = 0 then goto L else goto L5
Ls : if R; = 0 then goto L else goto L¢
Le : R; < Ry — 1 then goto Ly

L7 : Ry < Ry + 1 then goto Lg

Lg : if Rg = 0 then goto L5 else goto Lo
Lo : halt

2. aninitial configuration, e.g.,
CO = (0/ O/ 0/ 2/ 0)

we can produce a trace of computation:
Cyy = (7,0,0,1,2)

Ly ~ Ry« Ry +1then gotoLg
C]S = (8r O/ Or 2/ 2)
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Part 1: in theory (4)

. Notes:
> Example: now, given

1. aprogram comprised of (concrete) instruction instances e.g.,

Lo : if Ry = 0 then goto L5 else goto L;
Li : Ry « Ry — 1 then goto L,

Ly : R3 « R3 + 1 then goto L3

L3 : Ry « R; + 1 then goto L4

L4 : if Ro = 0 then goto L else goto L5
Ls : if R; = 0 then goto L else goto L¢
Le : Ry < R — 1 then goto L7

L7 : Ry < Ry + 1 then goto Lg

Lg : if Rp = 0 then goto Ls else goto Lg
Lo : halt

2. aninitial configuration, e.g.,
Co=1(0,0,0,2,0)

we can produce a trace of computation:

Cis = (80,022
L ~ if Ry =0 then goto L5 else goto Lo
Co = (5,0,0,22)




Part 1: in theory (4)

. Notes:
> Example: now, glven

1. a program comprised of (concrete) instruction instances e.g.,

Lo : if Ry = 0 then goto L5 else goto L;
Li : Ry « Ry — 1 then goto L,

Ly : R3 « R3 + 1 then goto L3

L3 : Ry « Ry + 1 then goto L4

L4 : if Ro = 0 then goto L else goto L5
Ls : if R; = 0 then goto L else goto L¢
Le : R; < Ry — 1 then goto Ly

L7 : Ry < Ry + 1 then goto Lg

Lg : if Rg = 0 then goto L5 else goto Lo
Lo : halt

2. aninitial configuration, e.g.,
CO = (0/ O/ 0/ 2/ 0)

we can produce a trace of computation:
Cpo = (50,0,22)

Ls ~» if Ry =0 then goto Ly else goto Lg
CZO = (9r O/ 0/ 2/ 2)
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Part 1: in theory (4)

. Notes:
> Example: now, given

1. a program comprised of (concrete) instruction instances e.g.,

Lo : if Ry = 0 then goto L5 else goto L;
L; : Ry < Ry — 1 then goto L,

Ly : R3 < R3 + 1 then goto L3

L3 : Ry < Ry + 1 then goto L4

L4 : if Ro = 0 then goto L else goto L5
Ls : if R; = 0 then goto Lo else goto Lg
L : Ry «< Ry — 1 then goto Ly

L7 : R « Ry + 1 then goto Lg

Lg : if Rg = 0 then goto Ls else goto Ly
Lo : halt

2. aninitial configuration, e.g.,
Co=1(0,0,0,2,0)

we can produce a trace of computation:

Co = (9,0,0,2,2)
L9 ~ halt
C1 = (9,0,0,2,2)




Part 1: in theory (4)

> Example: now, given
1. aprogram comprised of (concrete) instruction instances e.g.,

Lo : if Ry = 0 then goto L5 else goto L;
L; : Ry « Ry — 1 then goto L,

Ly : R3 « R3 + 1 then goto L3

L3 : Ry « Ry + 1 then goto L4

L4 : if Rg = 0 then goto L else goto L5
Ls : if Ry = 0 then goto Ly else goto Lg
L : R < Ry — 1 then goto Ly

L7 : Ry < Ry + 1 then goto Lg

Lg : if Ro = 0 then goto Ls else goto Loy
Lo : halt

2. aninitial configuration, e.g.,
Co=1(0,0,0,2,0)

we can produce a trace of computation:

Co = (90,022
Lo ~ halt
1 = 9,0,0,2,2)

which demonstrates that the program copies R; into R3.

EA University of
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Part 1: in theory (5)

> Question: is this the only viable example?

> Answer: many alternatives exist, stemming, e.g., from
1. different models, e.g.,

> counter machine,
> Random-Access Machine (RAM),

> Random-Access Stored-Program (RASP) machine,
>

Notes:

Notes:




Part 1: in theory (5)

> Question: is this the only viable example?

> Answer: many alternatives exist, stemming, e.g., from

2. different instruction set content, e.g., a register machine with or without
Li : Rpggr < 0

or “clear” instruction.

© Daniel P:
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Part 1: in theory (5)

> Question: is this the only viable example?

> Answer: many alternatives exist, stemming, e.g., from

3. different instruction set format, e.g.,
> register machine ~ 3-operand model:

® 1 registers,
e source and destination operands can be specified independently,
e (rough) example:

C=( 0 0 0 0 0 )
Rg « 10 ~ C=( 1, 10, 0, 0O, 0 )
Ry <20 ~  C=( 2, 10, 20, 0, 0 )
Ry <~ Rp+R;y ~ C3=( 3, 10, 20, 30, 0 )

Notes:

Notes:




Part 1: in theory (5)

> Question: is this the only viable example?

> Answer: many alternatives exist, stemming, e.g., from

3. different instruction set format, e.g.,
> register machine ~ 2-operand model:

® rregisters,
e operands may need to be reused as source and destination,
e (rough) example:

C=( 0, 0 0 0 0 )
Ro « 10 ~ C=( 1, 10,0, 0, 0 )
Ry « 20 ~ GC=( 2, 10, 20, 0, 0 )
Ro—Ro+R; ~ C3=( 3, 30, 20, 0, 0 )
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Part 1: in theory (5)

> Question: is this the only viable example?

> Answer: many alternatives exist, stemming, e.g., from

3. different instruction set format, e.g.,
> accumulator machine =~ 1-operand model:

e may have r > 1 register, but there is 1 special-purpose case termed the accumulator,
e operations implicitly use accumulator for source and/or destination operands,
e (rough) example:

~ C=( 0 0 0 0 0 )
A« 10 ~ C=( 1, 10, 0, 0 0 )
A—A+20 ~ C=( 2, 30, 0, 0, 0 )

Notes:

Notes:




Part 1: in theory (5)

> Question: is this the only viable example?

> Answer: many alternatives exist, stemming, e.g., from

3. different instruction set format, e.g.,
> stack machine = 0-operand model:

e may have 7 > 1 register, but managed per a stack (i.e., FILO-style) policy,
e operations implicitly use stack for source and/or destination operands,
e (rough) example:

~ G=( 0 0 0 0 0 )
push 20 ~ C=( 1, 20, 0, 0 0 )
push 10 ~ C=( 2, 10, 20, 0, 0 )
add ~ C3=( 3 3,0 0 0 )
pop ~ Cy=( 4 0 0 0 0 )
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Part 2: in practice (1)
Design

Definition

Consider a sequence
X = (X0, X1, .-+, Xn-1)

where, for each 0 < i < n we have x; € N. The associated Gédel encoding (or Gédel numbering) is
i<n

s Xi o X0 X1 Xpo1
go= [ = et ny
i=0

where p; is the i-th prime, i.e., po = 2, p1 = 3, p2 = 5, and so on. Due to Euclid’s unique prime-factorisation theorem,
factoring & allows recovery of x.

.. we can represent anything using elements of N, e.g., per [8, Section VILA],
> let 6 represent “0”,
> let 5 represent “=", then

> the logical statement “0 = 0” can be represented as

26.3%.5% =243 000, 000.

Notes:

Notes:




Part 2: in practice (2)

Design
> Concept:
> One can view
(human-readable) instruction =~ abstraction of (machine-readable) control information,
ie.,
instruction = information + whatto do
data = information + what to do it on/with

© Daniel Page (
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Part 2: in practice (2)
Design

> Concept:

> Godel encoding allows numerical representation of either form of information, e.g.,

1 +— “compute an addition” if it represents an instruction
1 - “the integer one” if it represents some data

are different, valid interpretations of the same number.

Notes:

Notes:




Part 2: in practice (2)
Design

> Concept:

> These facts suggest a strategy: an RM is an FSM in disguise, in the sense that

1. an RM configuration is an FSM state, and
2. the RM program determines the FSM transition function,

so we could therefore

> use, e.g., Godel encoding or variant thereof, to encode instructions into numerical machine code,
> store the machine code in memory,
> have our implementation decode machine code into appropriate control signals.
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Part 2: in practice (3)
Design

Definition

The stored program concept implies that a mutable program is stored in some form of memory; a stored program
computer is one whereby instructions in such a program are loaded (or fetched) from memory before execution.

Notes:

Notes:




Part 2: in practice (4)
Design

Definition

The Program Counter (PC) is a special-purpose register that holds the address of the next instruction to be executed.

Definition

The Instruction Register (IR) is a special-purpose register that holds the instruction currently being executed.

© Daniel Page (
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Part 2: in practice (5)

Notes:

Design
Definition
The fetch-decode-execute cycle (aka. instruction cycle) is a 3-stage process
1 fetch st . la. load instruction into IR~ +— IR «— MEM[PC]
: ctch stage - 1b. increment PC = PC <« PC+1
5 decode st . decide what instruction in IR means, i.e.,
’ ecode stage translate IR into control signals which reflect instruction semantics

do whatever instruction in IR means, i.e.,
3. execute stage : . . .
apply instruction semantics
which describes execution of instructions; in some cases it makes sense to consider a 5-stage process by adding

4. memory access stage : { perform any memory accesses (e.g., loads or stores) required

5. write-back (or commit) stage : { store result(s) stemming from instruction execution (e.g., computation)

i.e., expanding the execute stage to be more precise.

Notes:




Part 2: in practice (6)
Design

Notes:
> Design: specify an instruction encoding, e.g.,

L; : Rogar < Ruggr + 1 then goto L — 000 addr 0000

8 7 6 5 4 3 2 1 0
L; : Ryggr < Rugar — 1 then goto L — 001 addr 0000

8 7 6 5 4 3 2 1 0
L; : if R, = O then goto Lyg else goto L+ 010 addr target

8 7 6 5 4 3 2 1 0
L; : halt — 011 00 0000

such that

L; : if Ry = 0 then goto L5 else goto L;;;  +— 0101001015y = 0A5(y¢).

© Daniel Page ( BIKE University of
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Part 2: in practice (7)
Design

Notes:
> Design: encode our original program

Lo : if Ry = O then goto L5 else gotoL; +— 0101001015y = 0A5(4)
L1 : Ry < Ry —1then goto L — 001100000y = 060(6)
Ly : R3 < R3 + 1 then goto L3 — 0001100002y = 030(16)
L3 : Ry < Ry + 1 then goto L4 = 0000100002) = 010(16)
Ly : if Ry = 0 then goto Lo else goto L5 +— 010000000y = 08014)
Ls :if Ry = 0 then goto Lg else goto Ly +— 0100110015y = 099(¢)
Lg : R < Ry —1 then goto L7 — 001010000y = 050(16)
L7 : Ry < Ry +1 then goto Lg — 000100000y = 020(6)
Lg : if Ry = O then goto L5 else goto Ly  +— 0100001015y = 085(14)
Lo : halt — 011000000y = 0C06)

such that

> we use

MEM = <0A5(16)/ 060(16)/ e ,0CO(16)>,

a 10-element memory,
> each MEM[i] is a 9-bit encoding of the instruction labelled L;.




Part 2: in practice (8)
Design

» Translation:

> we're encoding the instructions as 9-element sequence of bits,
> using a Godel encoding is too inefficient, so we opt for

X

X0 I x I x
x-20 4+ w2t 4+ xp.26

so decoding amounts to extraction of contiguous bits from %, i.e.,

xo = X.0 = (&>0)AFqy
X1 = X5.4 = @E>4A 3(16)
x2 = X6 = (2>6)A7q

> where a field, e.g., target, is unused, we just use zero as a placeholder,
> this approach works, but clearly isn’t the only one possible.
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Part 2: in practice (9)

(High-level) implementation: control-path

Circuit

rst
execute A ~halt A ®y

addr
PC MEM

rst D _en

‘ Q

data

Q
IR
rst D _en

rst
execute A ~halt A d;

rst
fetch A ~halt A,

Notes:

Notes:




Part 2: in practice (9)

(High-level) implementation: control-path

Circuit

rst
execute A =halt A,

rst
execute A ~halt A ®;

— 1]

Q
PC’
rst D en

5

jimp A cimp

target

decoder

inst
Q addr Q
PC MEM R

rst D en data rst D en

rst
Setch A ~halt A

st

L)

rst D en

fetch

[

decode

execute

Q
S

rst D en

Part 2: in practice (9)

(High-level) implementation: control-path

Notes:

Circuit

rst
execute A ~halt A ®y

rst
execute A =halt A ®y

Q
pPC’
st D en
jip A cmp
target
+1 decoder
inst
Q addr Q
PC MEM R
rst D en data st D en

—alu
f—wr
— addr
f— target
s jmp

[ halt

rst
fetch A halt A,

rst
o

rst
D,

Q
s
rst D en

fetch

[

decode

execute

I~
N

rst D _en

Notes:




Part 2: in practice (10)
(High-level) implementation: control-path
> (Too much) detail (or, caveats to keep in mind):
1. we're using latches (resp. flip-flops) with a dedicated rst input (in addition to en),
2. we're assuming a cyclic 2-bit counter, so the state S steps through values
0,1,2,3,0,1,2,3,...,

3. we're not using S = 3, s0 in a sense this is an idle state,
4. we've reversed @1 and @, for the sequencer, so we generate

fetch stage decode stage execute stage
input latches input latches input latches
reset store store
S « §' = fetch S « §’ = decode S « § = execute

S I e AN poy IR p B

adder adder
computes computes
S+1 S+1

S S s I oy I py IR o

output latches output latches
store store
§«8S+1 S «8S+1

to correctly drive update to registers the data- and control-path,
5. we’ve deviated slightly from the fetch-decode-execute cycle, updating PC in the execute
(rather than fetch) stage.
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Part 2: in practice (11)
(High-level) implementation: data-path

Circuit

st
execute A ~halt A

o [ [ [

execute A =halt Ay

Notes:

Notes:




Part 2: in practice (11)

(High-level) implementation: data-path

Circuit

rst
execute A ~halt A

alu

addr

rst
execute A ~halt A &

git #b282dbb9 @

Part 2: in practice (11)
(High-level) implementation: data-path

02

Notes:

Circuit

st —
execute A ~halt A

alu

addr

rst

execute A =halt Ay

addr

Notes:




Conclusions

> Take away points:
1. A central aim here is to demonstrate that, per

combinatorial logic  ~~» fixed function, not stateful
sequential logic  ~» fixed function,  stateful
FSM  ~» fixed function, stateful
RM ~s not fixed function, stateful

micro-processor ~» not fixed function, stateful

and although our register machine is still limited,

> it has started to exhibit the characteristics of a real micro-processor, and
> we can still reason end-to-end about the implementation.

2. In doing so we’ve encountered some fundamental concepts, e.g.,
> instruction encoding and decoding,
> the fetch-decode-execute cycle,
> the role of PC and IR in supporting it,
>

which we'll revisit and refine.
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Additional Reading

Wikipedia: Register machine. UrL: https://en.wikipedia.org/wiki/Register_machine.
Wikipedia: Counter machine. URL: https://en.wikipedia.org/wiki/Counter_machine.

Wikipedia: Random-access machine. urL: https://en.wikipedia.org/wiki/Random-access_machine.

v vV VvV VY

Wikipedia: Random-access stored-program machine. UrL:
https://en.wikipedia.org/wiki/Random-access_stored-program_machine.

> Wikipedia: Godel numbering. urL: https://en.wikipedia.org/wiki/G%C3%B6del_numbering.

> Wikipedia: Machine code. UrL: https://en.wikipedia.org/wiki/Machine_code.

Notes:

Notes:
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